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Abstract: We propose a new method to measure various physical parameters, using char-
acteristic weight functions. The method requires only lepton energy distribution and ide-
ally it does not depend on the velocity of the parent particle. We demonstrate an ap-
plication of this method by simulating a reconstruction of the Higgs boson mass in the
H →WW → lνlν decay mode at the LHC. We show that systematic errors are suppressed
compared to statistical errors. In the vector boson fusion channel, the statistical accuracy
of the mass determination is estimated to be +12% and −14% at an integrated luminosity
of 100 fb−1, assuming the Higgs boson mass to be 125GeV and
√
s = 14TeV.
1Corresponding author.
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1 Introduction
A search for the Higgs boson and new physics beyond the Standard Model has been in-
tensively performed at the LHC. Recently the ATLAS and CMS collaborations announced
the presence of a new particle which is compatible with the Standard Model Higgs bo-
son [1, 2]. It is expected that the study of the Higgs boson will elucidate the mechanism of
the electroweak symmetry breaking and the origins of particle masses.
Once we find the Higgs boson or other new particles, the next step is to understand
their properties in detail. It is known, however, that accurate measurements at the LHC
are generally subject to the following difficulties:
• In many cases of interest there are undetected particles in the final state, hence it is
difficult to reconstruct their missing momenta accurately. For instance, in such cases
it becomes non-trivial to apply the most typical method to measure the mass of a
parent particle, namely, to reconstruct the invariant mass of all the momenta in the
final state.
• Since jets overlap with one another and each jet contains many neutral particles, it
is difficult to measure the momentum of each jet accurately compared to that of a
charged lepton e or µ.
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• The center-of-mass system of the collision at parton level is not known. Moreover, the
parton distribution function (PDF), which is used for calculations of cross sections
and kinematical distributions, has relatively large uncertainties. Therefore, predict-
ing or constraining kinematics of events from the initial states involves uncertainties
inevitably.
To overcome these difficulties, many methods for reconstruction of kinematics have
been proposed and developed [3]. Some of them utilize a kinematic variable mT2 [4, 5] or
MAOS momenta [6], which have the advantage that they can be applied to processes with
missing particles. However, since these methods make direct use of missing momenta, they
are accompanied by systematic uncertainties on jet momenta through missing momenta.
Since these uncertainties are relatively large, these methods are not adapted to accurate
measurements but rather for discovery physics.
In this paper, we propose a new method for determination of various physical param-
eters, which can suppress systematic uncertainties originating from the above factors. The
method has the following features:
• Only lepton energy distribution is needed as input measured quantities. We can apply
this method to processes which contain at least one lepton in their final states. It
does not matter if any jets or missing particles are included in the final states.
• In ideal cases, this method does not depend on the velocity of the parent particle.
Since it is difficult to know the velocity of the parent particle accurately from its
production process, due to uncertainties in the PDF, ISR, etc., with this method we
can avoid these uncertainties.
This method is valid if the parent particle is scalar or unpolarized. We can determine
any parameters which enter the lepton energy distribution in the rest frame of the parent
particle, except for parameters which only affect the normalization of the distribution.
The method with the above features is realized by using a weight function W with
the following characteristics. We integrate the lepton energy distribution in the laboratory
frame D(El) weighted by a function W (El, λ), and write the weighted integral as I(λ):
I(λ) ≡
∫
dElD(El)W (El , λ) , (1.1)
where λ is a physical parameter to be measured. A typical example of λ is the mass of the
parent particle. Then I(λ) satisfies
i) I(λ) = 0 if λ takes the true value.
ii) Although D(El) depends on the velocity distribution of the parent particle, the prop-
erty i) holds true for any of those distributions.
That is, I(λ) can judge whether λ is the true value or not, independent of velocity distri-
bution of the parent particle. There exist an infinite number of such characteristic weight
functions for a given λ, and we can construct them explicitly.
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A lepton energy distribution which we can obtain from an experiment is affected by de-
tector effects and event selection cuts, and furthermore includes backgrounds. However, as
we will demonstrate later, these effects can be estimated with small systematic uncertainties
by Monte Carlo simulations.
We apply the above method to a reconstruction of the Higgs boson mass at the LHC.
The mass of the Higgs boson has been measured at the LHC as mH = 125.7±0.3±0.3GeV
by the CMS collaboration and mH = 125.5 ± 0.2 +0.5−0.6GeV by the ATLAS collaboration,
using the H → γγ and H → ZZ modes [7, 8]. In order to reveal properties of the Higgs
boson more closely, it is important to analyze further various production or decay channels.
The H → WW mode is one of the most important decay modes with the second largest
branching ratio for mH ≈ 125 GeV, associated with charged leptons with relatively large
pT in the final state if W bosons decay leptonically. In this mode, however, because of the
missing momenta in the final state, we cannot reconstruct the invariant mass of the Higgs
boson. For this reason, it is difficult to use this mode for a determination of the Higgs
boson mass. The mass measurement using the WW decay mode has not been performed in
the LHC experiments so far. There are some methods proposed by theorists to reconstruct
the Higgs boson mass using the WW mode. The methods proposed in refs. [9–11] utilize
variables sensitive to mH . However, they use missing momenta directly, which would cause
sizable systematic uncertainties. Another method utilizes the cross section and lepton pT
spectra [12], which would be affected by uncertainties of the PDF of initial partons. In
this paper, we investigate a mass reconstruction of the Higgs boson in the WW mode
as an application of the weight function method. We perform simulation analysis for a
reconstruction of the Higgs boson mass in the H → WW → lνlν (with l = e, µ) decay
mode.
The major part of our new method has been reported briefly in a letter article [13].
There, we applied our method to a reconstruction of the Higgs boson mass. At that time,
however, the mass of the Higgs particle was much more obscure than it is today, and
we performed a MC simulation analysis assuming mH = 150GeV. We confirmed that
indeed systematic uncertainties are suppressed and under control in our method. Moreover,
since the statistical error has been estimated to be 2% corresponding to an integrated
luminosity of 100 fb−1 for this mass value, the suppression of systematic uncertainties could
be practically important. The purpose of the present paper is two fold. First, we give
a detailed description of our method, with details of the theoretical formulas, elucidating
various characteristics of our method. Secondly, we perform a MC simulation analysis using
today’s realistic Higgs boson mass value. It is well known that with this mass value a Higgs
mass reconstruction using the H →WW → lνlν mode is quite challenging, due to limited
statistics and large backgrounds. So far, we find no detailed studies in the literature which
assume mH ≈ 125GeV and use this decay mode. Thus, we consider it worth presenting a
study for this case, including estimates for both statistical and systematic uncertainties, in
order to provide a reference point.
After our first analysis [13], a similar method was proposed in ref. [14]. This method
uses the fact that in the two-body decay of an unpolarized particle, the peak in the energy
distribution of the massless daughter particle is invariant under the Lorentz boost, and
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equal to its (monochromatic) energy in the mother particle’s rest-frame. Although this
simple method works too for the two-body decay, our method utilizes more general features
of the energy distribution of boosted particles and can be applied to decays into any number
of particles.
The paper is organized as follows. In section 2, we prove the existence of characteristic
weight functions, and propose a new method to determine physical parameters using these
weight functions. In section 3, we apply this method to a reconstruction of the Higgs boson
mass in the H → WW → lνlν mode at the LHC, performing a simulation analysis. We
estimate the accuracy of the mass determination and examine the properties of the weight
function method. In section 4, we summarize our analysis. Details of the computation of
the lepton energy distribution are given in the Appendix.
2 Characteristic weight functions
In this section, we consider a decay of a scalar or unpolarized particle into many bodies
including at least one lepton (e or µ) in the final state. For such a decay there exist weight
functions W (El) which have the following characteristics.
i) The integral of the lepton energy distribution in the laboratory frame D(El) weighted
by W (El) is equal to zero: ∫
dElD(El)W (El) = 0 . (2.1)
ii) The property i) holds true irrespective of the velocity distribution of the parent par-
ticle.
We prove that there exist an infinite number of such characteristic weight functions, and
we present their explicit forms. Since the shape of the lepton energy distribution D(El)
depends strongly on the velocity distribution of the parent particle, the existence of the
above characteristic weight functions is nontrivial.
We first discuss the case of two-body decay (section 2.1), and then generalize the
argument to the case of many-body decay (section 2.2). Using the characteristic weight
functions, we propose a method to reconstruct physical parameters (section 2.3).
2.1 The case of 2-body decay
Suppose a parent particle X decays into two particles l and Y (X → l + Y ), where particles
X and l satisfy the following conditions:
• l is massless and its energy distribution is accurately measurable.
• X is scalar or unpolarized.
In the rest frame of X, the normalized energy distribution of l is given by
D0(El) = δ(El − E0) , (2.2)
– 4 –
with
E0 ≡ mX
2
(
1− m
2
Y
m2X
)
, (2.3)
where El is the energy of l and mi is the mass of particle i. Eq. (2.2) shows that in the rest
frame of X the energy of l is determined uniquely.
Let us consider the same decay in a boosted frame in which X has a velocity β. The
phase space of 2-body decay is given by
dΦ2 =
1
8pi
1
γβmX
θ ( γ (1− β)E0 ≤ El ≤ γ (1 + β)E0 ) dEl , (2.4)
where the step function is defined by
θ( condition ) ≡
{
1 if condition is satisfied ,
0 otherwise .
(2.5)
Using the rapidity y of X in the direction of its motion, defined by
e2y ≡ 1 + β
1− β , (2.6)
the normalized energy distribution in the boosted frame is expressed as
D(El ;β) = 1
2E0 sinh y
θ
(
e−yE0 ≤ El ≤ eyE0
)
. (2.7)
We construct a weight function W (El) such that the integral of D(El ;β) weighted by
W (El) becomes independent of the parent particle’s velocity β. For convenience, we write
W (El) =
dG(x)
dx
∣∣∣∣
x=El/E0
. (2.8)
Then the weighted integral can be written as∫
dElD(El ;β)W (El) = 1
2 sinh y
[
G(ey)−G(e−y) ] . (2.9)
Since the right-hand side is an even part of G(ey)/ sinh y,
G(ey)
sinh y
= ( odd function of y ) + const. (2.10)
should be satisfied in order that the weighted integral is independent of β (i.e., independent
of y). Hence, the condition for G(ey) is
G(ey) = ( even function of y ) + const.× sinh y . (2.11)
Consequently, W (El) is given by
W (El) = e
−ρ [ ( odd function of ρ ) + const.× cosh ρ ] ∣∣
eρ=El/E0
. (2.12)
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In eq. (2.12), one finds that the second term in the square bracket proportional to cosh ρ
does not lead to an independent relation. In fact, if we choose [ · · · ] = cosh ρ in eq. (2.12),
W (El) =
cosh ρ
eρ
∣∣∣∣
eρ=El/E0
=
E20
2
(
1
E2
0
+
1
E2l
)
, (2.13)
the weighted integral satisfies∫
dElD(El ;β)W (El) = E
2
0
2
∫
dElD(El)
(
1
E2
0
+
1
E2l
)
= 1 , (2.14)
which corresponds to G(ey)/ sinh y = 1 in eq. (2.10). On the other hand, if we choose
[ · · · ] = sinh ρ,
W (El) =
sinh ρ
eρ
∣∣∣∣
eρ=El/E0
=
E20
2
(
1
E2
0
− 1
E2l
)
, (2.15)
the weighted integral satisfies∫
dElD(El ;β)W (El) = E
2
0
2
∫
dElD(El)
(
1
E2
0
− 1
E2l
)
= 0 . (2.16)
Using the normalization condition
∫
dElD(El ;β) = 1, one sees that these two relations
(2.14) and (2.16) are equivalent. Therefore, the second term in eq. (2.12) is essentially
included in the first term, so that we omit it hereafter.
As a result, we obtain the weight functions
W (El) = e
−ρ ( odd function of ρ )
∣∣
eρ=El/E0
(2.17)
which satisfy ∫
dElD(El ;β)W (El) = 0 . (2.18)
To see how the weighted integral becomes independent of β, let us transform El to
ρ = log(El/E0). Using eqs. (2.7) and (2.17), one finds that eq. (2.18) can be expressed with
ρ as∫
dElD(El ;β)W (El) = 1
2 sinh y
∫
dρ θ (−y ≤ ρ ≤ y)× ( odd function of ρ ) = 0 .
(2.19)
Note that the energy distribution D(El ;β) is proportional to θ (−y ≤ ρ ≤ y), that is, even
function of ρ, while the weight function is proportional to an odd function of ρ, see figure 1.
Therefore, the integral of their products vanishes irrespective of the value of y.
In a real experiment the velocity of X has a certain distribution f(β). Correspondingly,
the energy distribution of l in the laboratory frame becomes
D(El) =
∫
dβ f(β)D(El ;β) , (2.20)
where f(β) is normalized as
∫
dβ f(β) = 1. Even though D(El) depends on f(β), one finds
also in this case∫
dElD(El)W (El) =
∫
dβ f(β)
∫
dElD(El ;β)W (El) = 0 . (2.21)
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Figure 1. The normalized energy distribution D(El; β) (the solid line) and e ρW (El) (the dashed
line) in terms of ρ = log(El/E0). β is chosen such that y = 0.5 , which is the edge point of D(El; β),
and E0 is taken to be 1. The odd function of ρ in eq. (2.17) is chosen as 5 tanh(5ρ)/cosh(5ρ).
There exist an infinite number of characteristic weight functions, since we can freely
choose the odd function of ρ in eq. (2.17). Let us give some examples of characteristic
weight functions:
i) For (odd function of ρ) = n tanh(nρ)/cosh(nρ),
W (El) =
2n (xn − x−n)
x (xn + x−n)2
∣∣∣∣
x=El/E0
=
2nE n−1l E
n+1
0
(
E 2nl − E 2n0
)
(
E 2nl + E
2n
0
)2 . (2.22)
W (El) with n = 1, 2, 3, 4, 5 are shown in figure 2 i). In the cases n > 1, these weight
functions satisfy W = 0 at El = 0, giving relatively small weight at El ∼ 0 in the
integrand of (2.18).
ii) For (odd function of ρ) = tanh(nρ),
W (El) =
xn − x−n
x (xn + x−n)
∣∣∣∣
x=El/E0
=
E0
El
E 2nl − E 2n0
E 2nl + E
2n
0
. (2.23)
W (El) with n = 5, 1,
1
2
, 1
4
are shown in figure 2 ii). These weight functions diverge at
El = 0, giving large weight at El ∼ 0 when integrated.
2.2 The case of many-body decay
We generalize the argument for the case of two-body decay to the case of many-body
decay. Let us consider the decay of a particle X into many bodies including a particle l
(X → l + anything ). We require the following conditions to this process:
• l is massless and its energy distribution is accurately measurable.
• X is scalar or unpolarized.
• The energy distribution of l in the rest frame of X is known theoretically.
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El  E0
W
i) (odd function of ρ) = n tanh(nρ)/cosh(nρ)
n = 5
n = 1
n = 1/2
n = 1/4
0.0 0.5 1.0 1.5 2.0
-4
-3
-2
-1
0
1
El  E0
W
ii) (odd function of ρ) = tanh(nρ)
Figure 2. Examples of characteristic weight functions for the two-body decay case. E0 and El
represent the energy of l in the rest frame and laboratory frame of the parent particle, respectively.
To obtain characteristic weight functions for many-body decay, we can use the result of
the two-body decay. Using a trivial equation for the normalized energy distribution D0(El)
of l in the rest frame of X,
D0(El) =
∫
dED0(E) δ(El − E) , (2.24)
one obtains the normalized energy distribution of l in a boosted frame where X has a
velocity β as
D(El ;β) =
∫
dED0(E) 1
2E sinh y
θ
(
e−yE ≤ El ≤ eyE
)
. (2.25)
We construct a weight function W (El) such that the integral of D(El ;β) weighted by
W (El) is independent of the parent particle’s velocity β. It is found that such a weight
function for many-body decay can be written by that for the two-body decay:
W (El) =
∫
dE′D0(E′) 1
E′ 2
dG(x)
dx
∣∣∣∣
x=El/E′
, (2.26)
where G is the same as in the two-body decay: G(ey) = ( even function of y ) + const. ×
sinh y.
Proof. Using eqs. (2.25) and (2.26), the weighted integral becomes
∫
dElD(El)W (El) =
∫
dE dE′D0(E)D0(E′) G (e
yE/E′)−G (e−yE/E′)
2E E′ sinh y
. (2.27)
In the case G(ey) = ( even function of y ), G satisfies G(x) = G(x−1), hence
G
(
ey
E
E′
)
−G
(
e−y
E
E′
)
= G
(
ey
E
E′
)
−G
(
ey
E′
E
)
(2.28)
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is antisymmetric under the exchange of E and E′. Since the other part of (2.27) is symmetric
under the exchange of E and E′, the weighted integral vanishes. In the case G(ey) = sinh y,
G
(
ey
E
E′
)
−G
(
e−y
E
E′
)
= EE′
(
1
E2
+
1
E′ 2
)
sinh y , (2.29)
from which it follows that∫
dElD(El)W (El) =
∫
dED0(E) 1
E2
= independent of y . (2.30)
Thus, in both cases the weighted integral is independent of β.
Eq. (2.26) can be written as
W (El) =
∫
dED0(E) 1
EEl
[ ( odd function of ρ ) + const.× cosh ρ ] |eρ=El/E . (2.31)
We can omit the second term in the square bracket in the same way as the two-body decay
case.
Finally we obtain the characteristic weight functions for the many-body decay, X →
l + anything, as
W (El) =
∫
dED0(E) 1
EEl
× ( odd function of ρ )|eρ=El/E , (2.32)
which satisfy ∫
dElD(El ;β)W (El) = 0 . (2.33)
In the same way as the two-body decay case, when the parent particle has a velocity
distribution f(β), the energy distribution of l becomes
D(El) =
∫
dβ f(β)D(El ;β) . (2.34)
Even in this case, the weighted integral remains to be zero:∫
dElD(El)W (El) =
∫
dβ f(β)
∫
dElD(El ;β)W (El) = 0 . (2.35)
Let us give some examples of the characteristic weight functions:
i) For (odd function of ρ) = n tanh(nρ)/cosh(nρ),
W (El) =
∫
dED0(E)
2nEn−1l E
n−1(E2nl − E2n)
(E2nl + E
2n)2
. (2.36)
ii) For (odd function of ρ) = tanh(nρ),
W (El) =
∫
dED0(E) E
2n
l − E2n
ElE (E
2n
l + E
2n)
. (2.37)
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2.3 Determination of physical parameters using characteristic weight functions
The above characteristic weight functions can be utilized for determination of physical
parameters in experiments. Suppose that we intend to measure a parameter λ which enters
the theoretical formula for D0(El). We assume that we aim for an accurate measurement of
λ, and hence the decay process and the interaction of the parent particle are already known
sufficiently well such that an explicit expression of D0(El) is inferred. In other words, we
have at hand a concrete theoretical model, for which we want to determine λ accurately. A
typical example of λ is the parent particle’s mass mX . We use a charged lepton e or µ for
the particle l since their momenta can be measured accurately, although in principle, other
particles can also be used.
Let us define
I(λ) ≡
∫
dElD(El ;λ
true)W (El , λ) , (2.38)
where D(El ;λ
true) is the lepton energy distribution measured in the laboratory frame, and
W (El , λ) is a characteristic weight function defined by (2.32). Here, we take λ as a variable,
since W has a λ dependence through D0(El ;λ). λtrue in the arguments of D indicates that
the measured distribution knows the true value of λ. It follows from eq. (2.35) that I(λ)
satisfies
I(λ = λtrue) = 0 . (2.39)
Therefore, we should look for zeros of I(λ) to obtain λtrue.1
In practice, realistic experimental conditions affect the above ideal picture. The lepton
energy distribution obtained in an experiment differs from the ideal one due to the limited
acceptance of detectors, a series of cuts applied for event selection, and backgrounds which
remain after these cuts. Therefore, the zero of I(λ) using a realistic distribution is generally
different from λtrue. It is necessary that the difference between them should be estimated
by Monte Carlo (MC) simulations which take into account the above experimental effects.
Since MC prediction have small uncertainties concerning lepton kinematics, we expect the
deviation from λtrue can be estimated accurately. We confirm this feature in a simulation
analysis of the Higgs mass reconstruction in section 3.
Suppose the distribution measured in an experiment Dexp(El ;λ
true) is different from
the ideal distribution D(El ;λ
true) by δD(El):
Dexp(El ;λ
true) = D(El ;λ
true) + δD(El) . (2.40)
In the case |δD/D| ≪ 1, the difference between the zero of I(λ) from experiment and
λtrue is given by
δλ = −
∫
dEl δD(El)W (El , λ
true)
/(
∂I
∂λ
∣∣∣∣
λ=λtrue
)
, (2.41)
1Even in the case that there is more than one zero of I(λ), the zeros are usually separated sufficiently
apart, such that the correct one can be identified using other distributions such as mT distribution and
lepton pT spectrum.
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where D and δD satisfy
∫
dElD =
∫
dEl(D + δD) = 1, and we dropped O((δD)2) correc-
tions. Using this formula, δλ is obtained from the estimation of δD by MC simulations.
In the case that the above approximation is not valid, a fit of I(λ) using MC prediction is
more appropriate. We define
Iexp(λ) ≡
∫
dElDexp(El ;λ
true)W (El , λ) , (2.42)
and
IMC(λ) ≡
∫
dElDMC(El ;λ
MC)W (El , λ) , (2.43)
where DMC(El ;λ
MC) is the lepton energy distribution predicted by MC simulations corre-
sponding to the input λ = λMC. We introduce a distance d between Iexp(λ) and IMC(λ)
as
d2(λMC) ≡
∫ λ2
λ1
dλ [ Iexp(λ)− IMC(λ) ]2 . (2.44)
The reconstructed value of λtrue is given by λMC which minimizes d2.2
Note that there are an infinite number of characteristic weight functions which we
can use. In principle, simultaneous reconstruction of more than one physical parameter is
possible using this large degree of freedom, where multi-variable equations Ij (λ1, · · · , λn) =
0 ( j = 1, · · · , N ) should be solved. We do not explore this possibility in this paper,
however.
3 Higgs boson mass reconstruction using H → WW → lνlν at LHC :
Simulation analysis
In this section, we examine the reconstruction of the Higgs boson mass at the LHC as an
application of the weight function method described in the previous section. We perform
a simulation analysis of the H → WW → lνlν (l = e, µ) decay mode assuming the true
Higgs boson mass to be mH = 125GeV, and estimate the accuracy of mH measurement.
Through this analysis we reveal characteristic properties of this method.
The Higgs bosons are produced at the LHC via gluon-gluon fusions (ggF) dominantly,
and via vector-boson fusions (VBF) subdominantly. In order to maximize the sensitivity of
the Higgs boson search, candidate events for the Higgs boson signal in theWW decay mode
are categorized according to the number of energetic jets in the final state. In the H+0-jet
and H + 1-jet channels, the signal events mostly originate from the ggF process. On the
other hand, H + 2-jet channel contains the signal events mainly from the VBF process.
At the present stage of the LHC where the data at a center-of-mass energy (
√
s ) of
8TeV have been collected, analyses of the VBF (2-jet) channel are severely limited by few
statistics. Thus in this paper, we study the VBF channel with
√
s = 14TeV (section 3.1)
and the ggF channel with
√
s = 8TeV (section 3.2), respectively. In the ggF channel, 1-jet
channel is omitted in our study because of complexity of its background analysis and an
expected weak sensitivity.
2The interval [λ1, λ2] is arbitrary. In the case of a reconstruction of the Higgs boson mass, which we
will discuss later, the result is only weakly dependent on the choice of this interval except the case that the
interval is too small.
– 11 –
3.1 Vector Boson Fusion Channel
3.1.1 Analysis setup
The signal and background processes we consider in this analysis are as follows:
• qqH → qqW+W− → qq l+ν l−ν ( l = e, µ )
• tt and Wt production
• Electroweak WW + jets production.
For simplicity, (1) we omit contributions from the ggF process to the signal events which in
reality remains partly, even after event selection cuts for the 2-jet channel. (2) Although W
boson can decay into electron or muon via tau lepton W → τν → lνν ν, we do not include
such events. Backgrounds not given in the above list are shown to be relatively small after
all the cuts are applied [15].
Both signal and background events are generated using the MadGraph/MadEvents [16–
18] MC event generator with
√
s = 14TeV, and then passed to PYTHIA [19] which performs
the parton showering and hadronization, including initial-state-radiation (ISR) and final-
state-radiation (FSR). We use CTEQ6L [20] for the parton distribution function (PDF). All
generated events are passed to the fast detector simulator PGS [21]. In order to evaluate
systematic properties of the weight function method, we generate sufficiently many events
such that statistical fluctuations of the MC events can be ignored.
In our analysis, we generate only events with just two jets in the final state at parton
level. The cone algorithm with R = 0.5 is used for jet reconstruction in PGS. The cross
sections are calculated at leading order. For these reasons, the jet multiplicity of the real
data and that of the simulated events are expected to be different. In particular, the cross
sections would be underestimated.
On these MC events, we impose event selection cuts following those in ref. [15], which
investigated the potential for a discovery of the Higgs boson in the VBF process at the
ATLAS experiment. Events are categorized into three modes, ee, eµ, µµ, corresponding
to leptons in the final state. For details of the event selection, see ref. [15]. In our analysis,
we make three modifications to their cuts:
1. Lepton acceptance:
In view of the current status of the LHC experiment, we tighten lepton acceptance
cuts as follows:
p1T > 25GeV, p
2
T > 10GeV,
where p1T and p
2
T are the transverse momenta of the leading and sub-leading leptons,
respectively.
2. Lepton cuts:
Since two leptons produced by H → WW tend to be emitted in the same direction,
three lepton cuts are imposed in ref. [15]: ∆φll ≤ 1.5, ∆Rll ≤ 1.6, Mll < 65GeV,
where∆φll is the azimuthal angle between the lepton directions, ∆Rll is the separation
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ee eµ µµ
signal (fb) 0.18 0.40 0.15
background (fb)
tt and Wt 0.12 0.29 0.12
WW + jets 0.02 0.06 0.02
Table 1. Cross sections after all cuts.
in η−φ plane, and Mll is the invariant mass of the leptons. We replace these cuts by
a single Lorentz invariant cut
Mll < 50GeV .
By this modification, the signal efficiency changes within a few %. If we incorporate
the same Lorentz invariant cut into the theoretical lepton energy distribution D0(E)
and use it for the weight functions [see eq. (2.32)], this cut no longer contributes to
the deviation of the reconstructed Higgs boson mass from the true value, since the
above condition is independent of the velocity of the Higgs boson.
3. b -tagging:
For simplicity, we do not simulate b -tagging and just estimate the efficiencies of b -
vetos as follows:
signal : 1, tt and Wt : 0.5, WW + jets : 1 .
Table 1 summarizes the cross sections for the signal and background events after applying
all the cuts.
The weight functions we use in this analysis are
W (El ,m) =
∫
dED0(E ;m)
2nEn−1l E
n−1(E2nl −E2n)
(E2nl + E
2n)2
, (3.1)
for n = 2, 3, 4, 5, where we have taken (odd function of ρ) in eq. (2.32) as n tanh(nρ)/cosh(nρ).
These weight functions have a property that W (El ,m) = 0 at El = 0, thus we expect they
suppress the effect of lepton pT cut which deforms significantly the low energy part of the
lepton distribution, as we will discuss later.
The normalized lepton energy distribution D0(El ;m) in the rest frame of the Higgs
boson is given by
D0(El ;mH) = 1
ΓMll<M
dΓ
dEl
∣∣∣∣
Mll<M
, (3.2)
where Γ is the decay width for the H → WW → lνlν process and a cut on the invariant
mass of leptons Mll < M is imposed according to the above discussion (M = 50 GeV). We
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Figure 3. Lepton energy distribution for various Higgs boson masses in the rest frame of the Higgs
boson with the restriction Mll < 50GeV. The distribution is normalized as
∫
dElD0(El ;mH) = 1.
obtain
dΓ
dEl
∣∣∣∣
Mll<M
=
g6M2W
32 (2pi)5m2H
∫
2mHEl
0
dµ2
1
(µ2 −M2W )2 +M2WΓ2W
× [ J(−1) θ(µ2 − 2mHEl +M2) + J(z) θ(−µ2 + 2mHEl −M2)]
× θ(mH − 2El) , (3.3)
J(x) ≡ i
2MWΓW
[
A+(x) log (µ
2
max −M2W + iMWΓW )−A+(x) log (−M2W + iMWΓW )
−A−(x) log (µ2max −M2W − iMWΓW ) +A−(x) log (−M2W − iMWΓW )
]
,
A±(x) ≡ −
[
µ2
8
(
1− x2
2
+
1− x3
3
)
− 1
16
(
2mHEl − µ2
)(
1− x− 1− x
3
3
)]
(−M2W ± iMWΓW )
+
1
16
(2mHEl − µ2)(m2H − 2mHEl)
(
1− x− 1− x
3
3
)
,
µ2max ≡
(mH − 2El)(2mHEl − µ2)
2El
, z ≡ 1 − 2M
2
2mHEl − µ2
,
where g is the SU(2) coupling constant, and MW and ΓW are the mass and total decay
width of the W boson, respectively. The parameter µ represents the invariant mass of an
intermediate W boson. Note that dΓ/dEl|Mll<M is real. See appendix A for the derivation.
There remains an integral over µ2. We carry out this integration numerically and interpolate
the numerical table accurately. The obtained theoretical distribution D0(El ;mH) is shown
in figure 3 for various Higgs boson masses.
3.1.2 Mass reconstruction and its sensitivity
For reconstruction of the Higgs boson mass, we use the lepton energy distribution of the
events which passed all the event selection cuts. Figures 4 show the lepton energy distri-
bution of the MC events at parton level (before cuts) (a) and that after all the cuts are
applied (b), respectively. Figure 4(a) shows only the signal events, whereas (b) includes
contributions from the background events. Comparing figures 4(a) and (b), one can see
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Figure 4. Lepton energy distribution of MC events at parton level (a) and that after all the cuts
are applied (b) for a Higgs boson mass of 125GeV in the eµ mode of the VBF channel. Fig. (a)
shows only signal events and (b) includes contributions from background events.
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Figure 5. Weight functions W (El ,m) at m = 125GeV for the H → WW → lνlν decay with the
restriction Mll < 50 GeV.
that the lepton energy distribution after the cuts is deformed especially in the low energy
region: 0 ≤ El . 20GeV. This is mainly due to the lepton pT cuts in the lepton pT trigger
( p1T > 25GeV, p
2
T > 10GeV ).
Figure 5 shows the weight functions we use in this analysis, defined by eq. (3.1). The
integration over E in eq. (3.1) is carried out numerically and we interpolate the numerical
table accurately to obtain a valid W (El ,m). In figure 5, one can see that these weight
functions give relatively small weight at El ∼ 0, and that this tendency increases with n.
With the above lepton energy distribution and weight functionsW (El ,m), we construct
weighted integrals:
I(m) ≡
∫
dElD(El ;mH)W (El ,m) , (3.4)
where D(El ;mH) is the normalized lepton energy distribution of the MC events with an
input Higgs mass of mH . In figure 6, we show the weighted integrals using the MC lepton
distributions at parton level (a) and after all the cuts are applied (b) for mH = 125GeV.
Figure 6(a) confirms I(m = mH) = 0, which has been shown in eq. (2.39). Therefore, our
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(b) After all the cuts
Figure 6. Weighted integral I(m) with lepton energy distribution of MC events at parton level
(a) and that after all cuts are applied (b) for an input Higgs mass of 125GeV in the eµ mode. (a)
has no contribution from backgrounds, event selection cuts and detector effects, and (b) includes
contributions from background events. We use weight functions given in eq. (3.1) with n = 2, 3, 4, 5.
These lines are computed using the data shown in figures 4 and 5.
weight function method works properly in the simulation analysis. By contrast, figure 6(b)
indicates that the zero of I(m) is no longer mH after including the backgrounds and cuts.
As we will examine later, the source of the deviation is mainly attributed to the lepton pT
trigger. Since the lepton pT cut reduces the lepton energy distribution especially in the
region 0 ≤ El . 20GeV, where the weight functions are negative, the weighted integrals
I(m) shift in the positive direction from the original one (figure 6(a)). One can see that,
using a weight function with larger n, this effect by the lepton pT trigger becomes smaller
since the weight function gives a smaller weight at low energy. Note that the difference
between the zero of I(m) and mH is not sufficiently small compared to mH . For this
reason, it is not optimal to reconstruct the mass via eq. (2.41), which uses the information
around the zero of I(m). In this case, following the procedure described in section 2.3, we
perform a fit of I(m) using MC prediction in order to obtain the reconstructed value.
Let us estimate the sensitivity of the Higgs mass determination. We first estimate the
statistical errors, neglecting systematic uncertainties for a moment. Suppose the distribu-
tion measured in an experiment Dexp(El ;m
true
H ) has a statistical fluctuation ∆D(El). Then
the reconstructed value of mH which minimizes d
2 defined by (2.44) shifts from mtrueH . This
shift is derived from (2.44) to be
∆mH =
∫
dEl∆D(El)F (El) , (3.5)
with
F (El) ≡ 1
A
∫
dm
[
∂IMC (m ;m
MC
H )
∂mMCH
∣∣∣∣
mMC
H
=mtrue
H
]
W (El ,m) , (3.6)
A ≡
∫
dm
[
∂IMC (m ;m
MC
H )
∂mMCH
∣∣∣∣
mMC
H
=mtrue
H
]2
, (3.7)
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n
2 +37 +18 +42 +15 (+8.5 )
− −18 − −18 (−10 )
3 +39 +18 − +17 (+8.9 )
− −18 − −18 (−10 )
4 +42 +19 − +18 (+9.4 )
− −19 − −19 (−10 )
5 +44 +20 − +19 (+9.9 )
− −19 − −19 (−11 )
Table 2. The estimated statistical errors (GeV), ∆stat.mH , for the Higgs mass reconstruction with
an integrated luminosity of 100 fb−1. In brackets, the combined values for 300 fb−1 are also listed.
We use the weight functions given in eq. (3.1) with n = 2, 3, 4, 5.
where we use the approximation
∣∣∆mH/mtrueH ∣∣ ≪ 1. Assuming that the statistical fluc-
tuation of the lepton energy distribution follows the Gaussian distribution, one finds the
ensemble average of (∆mH)
2 to be
〈
(∆mH)
2
〉
=
1
N
∫
dElDMC(El ;m
true
H )
[
F (El)−
∫
dElDMC(El ;m
true
H )F (El)
]2
,
(3.8)
where N is the number of leptons. Therefore, we obtain the standard deviation as
∆stat.mH =
√
〈(∆mH)2〉 =
√ (
F − F )2√
N
, (3.9)
where we define
O ≡
∫
dElDMC(El ;m
true
H )O(El) . (3.10)
Table 2 shows estimates of statistical errors, ∆stat.mH , for the Higgs mass reconstruc-
tion. Some comments are in order:
(1) To estimate statistical errors, we need to calculate ∂IMC/∂m
MC
H
∣∣
mMC
H
=mtrue
H
[see
eqs. (3.6) and (3.7)]. We replace the derivative by a finite difference, [ IMC(m ;m
true
H +
δmH)−IMC(m ; mtrueH )]
/
δmH , with a choice of δmH so as to realize ∆
stat.mH ∼ δmH . The
integral region of λ = m in eqs. (2.44), (3.6) and (3.7) is taken as 80GeV< m < 200GeV.3
(2) The combined statistical error of all the modes in table 2 is defined by
∆stat.mH,comb. =
[
1
(∆stat.mH, ee)
2
+
1
(∆stat.mH, eµ)
2
+
1
(∆stat.mH, µµ)
2
]− 1
2
, (3.11)
where ∆stat.mH, ll for ll = ee, eµ, µµ is the statistical error of each ll mode.
(3) ‘−’ in table 2 shows that it is impossible to find the corresponding value of∆stat.mH .
This is because the cross section of the signal events in the mass region mH . 110GeV after
3We find that the statistical error scarcely depends on the choice of the range if we choose a sufficiently
wide range (including 125GeV), and this range corresponds to one such choice.
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JES Fac. scale tt norm.
(signal)
n
2 3.1 1.4 0.5
3 3.5 1.2 0.5
4 3.8 0.9 0.5
5 4.0 0.7 0.5
Table 3. The estimated systematic uncertainties (GeV), ∆sys.mH , for the Higgs mass reconstruc-
tion. We use the weight functions given in eq. (3.1) with n = 2, 3, 4, 5, and the MC events in the
eµ mode.
all the cuts is too small compared with the background events. In this region, the lepton
energy distribution is dominated by the backgrounds. Therefore, I(m ;mMCH ) has littlem
MC
H
dependence, namely ∂IMC/∂m
MC
H ∼ 0, which makes it difficult to evaluate ∆stat.mH . This
difficulty should be true also in other methods for the Higgs boson mass reconstruction. We
will come back to this point when we discuss the ggF process in section 3.2. In addition,
since mMCH ∼ 160GeV is the turning point of the behavior of I(m ;mMCH ), reflecting the
on-shell WW threshold 2MW , I(m) behaves similarly for m
MC
H above 160GeV and below
160GeV. Hence, the mass region mtrueH + ∆
stat.mH & 165GeV is also a difficult region to
evaluate the statistical error.
(4) The statistical error is smaller for the weight function with a smaller n. Qualita-
tively, this may be understood by noting that the weight function with a smaller n utilizes
a wider range of the lepton energy distribution.
Let us now turn to the systematic uncertainties. There are many possible sources,
and we examine several major ones, namely uncertainties in the jet energy scale (JES),
factorization scale, and tt background normalization. Although the b -tagging efficiency
might also be a source of large uncertainties, we do not examine this effect for simplicity.
Suppose that µ is a parameter with some uncertainty in the MC prediction, and that
we choose a value of µ, for example, µtrue + ∆µ, to reconstruct the Higgs boson mass,
where µtrue is the true value of µ and ∆µ represents the order of the uncertainty. Then the
reconstructed value of mH shifts from m
true
H by
∆sys.mH = − 1
A
∫
dm
∂IMC
∂mMCH
∂IMC
∂µ
∣∣∣∣
mMC
H
=mtrue
H
, µ=µtrue
×∆µ , (3.12)
which is derived from eq. (2.44).
Table 3 shows estimates of systematic uncertainties, ∆sys.mH , from various sources.
In estimating ∆sys.mH , we replace the derivatives of IMC in eq. (3.12) by finite differences,
in the same way as in the estimation of the statistical errors. The integral region of m is
taken to be 80GeV< m < 200GeV. We estimate the uncertainties associated with JES by
varying the pT of all the jets in the events by ±10% before the cuts are applied. Note that
we vary the missing pT simultaneously to conserve the total transverse momentum. The
uncertainties from factorization scale is estimated by varying the scale in PDF and PYTHIA
by 1/2 and 2 only for the signal events. In addition, effects due to the uncertainties of tt
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+29 +17 +32 +13 (+7.0 )
− −13 − −13 (−6.4 )
Table 4. The estimated statistical errors (GeV), ∆stat.mH , for the Higgs mass reconstruction
at an integrated luminosity of 100 fb−1 with an input Higgs boson mass value of mH =130GeV
for comparison. In brackets, the combined values for 300 fb−1 are also listed. We use the weight
function given in eq. (3.1) with n = 2.
background normalization are evaluated by changing the normalization by ±10%. It is
found that the uncertainty attributed to JES is relatively large compared to other sources.
This results mainly from the JES uncertainty of the tt background.
Comparing tables 2 and 3, it is evident that the statistical errors dominate over the
systematic errors. Thus, the accuracy of the Higgs boson mass determination in this analysis
is limited by statistics.
3.1.3 Properties of the weight function method
In this section, we examine the analysis presented in the previous section in more detail to
reveal characteristic properties of the weight function method. We investigate the mH de-
pendence and the effect of the lepton pT trigger, both of which severely affect the sensitivity
of the Higgs mass determination. Also, we comment on the effect of backgrounds.
The branching ratio of the H → WW decay mode is a crucial factor in discussing
the mH dependence of the determination of mH . Since this ratio falls off sharply as the
value of mH decreases below the WW threshold 2MW , the number of events we can use
for the mass reconstruction also reduces for small mH . In the case of mH = 130GeV,
for example, the signal cross section after all the cuts is 1.5 times as large as that for
mH = 125GeV, which results in the signal-to-background ratio improving by a factor 1.3.
In addition, the efficiency of the lepton pT cut for the signal events also improves in the
case for mH = 130GeV, since leptons tend to be more energetic than those in the case of
mH = 125GeV.
Table 4 lists estimates of statistical errors, ∆stat.mH , for the Higgs boson mass deter-
mination with an input mass value of mH = 130GeV. We find that the statistical errors
reduce in all the lepton mode as compared to the case of mH = 125GeV (see table 2). The
relative accuracy of the Higgs mass determination with 100 fb−1 data is estimated to be
+12%, −14% for mH = 125GeV and improves to ±10% for mH = 130GeV. Moreover, it
reaches ±2% for mH = 150GeV as shown in our previous letter [13]. We consider that this
strong dependence on mH results from the growth of the branching ratio and the improve-
ment of the efficiency of the lepton pT cut as mH increases. We mention that the possibility
of mH ∼ 130GeV may still remain in view of the recent experimental data [7, 8].
We now discuss the effect of the lepton pT trigger. Figure 7(a) shows the weighted
integrals I(m), where the value of the lepton pT cut for the leading leptons is varied in steps
of 5GeV. All the other cuts are applied with the same values as before, and contributions
from the background events are included. One can see in figure 7(a) that I(m) depends
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Figure 7. Weighted integrals I(m) with the lepton pT cut varied (a) and those with the jet cut
varied (b) for an input Higgs mass of 125GeV in the eµ mode. We use the weight function given
in eq. (3.1) with n = 4.
strongly on the value of the lepton pT cut. For comparison, we show in figure 7(b) I(m)
as the value of the cuts concerning jets is varied. We vary the lower limit of the invariant
mass Mjj of the two tagged jets in steps of 50GeV. In contrast to the case for varying the
lepton pT cut, I(m) is very stable against the changes of the cut value concerning jets. This
is because the jet cut changes only the normalization of the lepton energy distribution and
scarcely changes its shape, whereas the lepton pT cut directly deforms the lepton energy
distribution especially in the low energy region.
At the LHC experiments, there is another choice for the lepton trigger, namely, the
di-lepton trigger. Here, we examine

pT (e) > 15GeV for ee mode
pT (e) > 10GeV, pT (µ) > 6GeV for eµ mode
pT (µ) > 10GeV for µµ mode ,
where pT (l) is the transverse momentum of lepton l (= e, µ). The threshold values of pT (l)
are chosen according to [23]. Although di-lepton triggers are not used at present in the
LHC experiments, it is likely that this type of trigger will be used in future LHC runs [23].
The cuts in the di-lepton trigger are looser (especially in the eµ mode) than the single-
lepton trigger which we have used in the analysis. Therefore, we expect that the sensitivity
of the Higgs boson mass determination will be improved by using the di-lepton trigger.
Despite the fact that the signal-to-background ratio for the di-lepton trigger is worse than
that for the single-lepton trigger, we show in table 5 that the statistical errors are indeed
reduced when using the di-lepton trigger. This fact indicates that the sensitivity of the
lepton distribution to mH is stronger at low energy region where the lepton triggers mainly
affect. In view of this feature, we stress importance of using the di-lepton trigger in order
to obtain a better accuracy.
We also mention effects of backgrounds. Contributions from the backgrounds decreases
the relative significance of the signal events, which results in a worse sensitivity of the
– 20 –
ee eµ µµ Combined
− +16 +36 +14 (+7.7 )
− −17 − −17 (−7.8 )
Table 5. The estimated statistical errors (GeV), ∆stat.mH , for the Higgs mass reconstruction
using di-lepton trigger at an integrated luminosity of 100 fb−1. In brackets, the combined values
for 300 fb−1 are also listed. We use the weight function given in eq. (3.1) with n = 2.
1. Lepton acceptance Exactly two isolated, opposite-sign leptons (ee, eµ, µµ) with
pleadingT (l) > 25GeV, p
subleading
T (l) > 10GeV, |η(l)| < 2.5
2. Dilepton invariant mass 10GeV< Mll < 50GeV for eµ mode
12GeV< Mll < 50GeV for ee and µµ modes
3. EmissT,rel cut E
miss
T,rel > 30GeV
4. Jet veto No jets with pT > 25GeV in |η| < 4.5
5. Dilepton pT cut |pllT | > 30GeV
6. ∆φll cut |∆φll| < 1.3
7. Transverse mass 0.75 mH < MT < mH
Table 6. Successive cuts applied in the ggF (0-jet channel) analysis.
lepton distribution to mH . A typical example where this effect becomes crucial is in the
ggF process, which we discuss in the next section. Since the signal-to-background ratio
gets worse with decreasing mH , a small mH is disadvantageous also from this viewpoint.
The detailed discussion on backgrounds effects is given in the analysis of the ggF channel
(section 3.2).
3.2 Gluon Fusion Channel
The analysis setup for the ggF process basically follows that for the VBF process explained
in section 3.1. Thus, we list only the differences from the VBF analysis.
The signal and background processes we consider are as follows:
• gg → H → W+W− → l+ν l−ν ( l = e, µ ) : H + 0-jet channel
• pp → WW production
We set
√
s = 8TeV and generate only the WW background events with no jets in the final
state at parton level. For the event selection, successive cuts summerized in table 6 are
applied, following refs. [22] and [23]. See ref. [22] for the detailed definition of the cuts
listed in this table. The cross sections for the signal and background events after all the
above cuts are summarized in table 7. Note that since these cross sections are calculated
at leading order, they are likely to be underestimated especially for the ggF signal.
We use the same weight functions as in the VBF analysis (3.1) except for the constraints
on the dilepton invariant mass Mll. Corresponding to the value of Mll cut in the ggF
analysis, we use the theoretical lepton energy distribution D0(E ;m) in eq. (3.1) with the
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signal (fb) 1.1 2.1 0.9
background : WW (fb) 8.8 16.2 7.1
Table 7. Cross sections after all the cuts.
restriction M1 < Mll < M2, where M1 = 10 (12)GeV for eµ (ee, µµ) mode and M2 =
50GeV:
D0(El ;mH) = 1
ΓM1<Mll<M2
dΓ
dEl
∣∣∣∣
M1<Mll<M2
. (3.13)
After calculations similar to the VBF analysis, we obtain
dΓ
dEl
∣∣∣∣
M1<Mll<M2
=
g6M2W
32 (2pi)5m2H
∫
2mHEl
0
dµ2
1
(µ2 −M2W )2 +M2WΓ2W
×
[
J˜(−1) θ(M21 < 2mHEl − µ2 < M22 ) + J˜(z2) θ(−µ2 + 2mHEl −M22 )
]
× θ(mH − 2El) , (3.14)
J˜(x) ≡ i
2MWΓW
[
A˜+(x) log (µ
2
max −M2W + iMWΓW )− A˜+(x) log (−M2W + iMWΓW )
−A˜−(x) log (µ2max −M2W − iMWΓW ) + A˜−(x) log (−M2W − iMWΓW )
]
,
A˜±(x) ≡ −
[
µ2
8
(
z21 − x2
2
+
z31 − x3
3
)
− 1
16
(
2mHEl − µ2
)(
z1 − x− z
3
1 − x3
3
)]
(−M2W ± iMWΓW )
+
1
16
(2mHEl − µ2)(m2H − 2mHEl)
(
z1 − x− z
3
1 − x3
3
)
,
z1 ≡ 1 − 2M
2
1
2mHEl − µ2
, z2 ≡ 1 − 2M
2
2
2mHEl − µ2
.
Using this expression, we can construct weight functions by eq. (3.1) for reconstructing the
Higgs boson mass.
Figure 8 shows the lepton energy distribution of the MC events after all the cuts are
applied. The lepton distribution is overwhelmed by the background events. Due to the
characteristic feature of the ggF process (0-jet) that there is only the Higgs boson in the
final state, this process is contaminated by large backgrounds, unlike the VBF process.
We construct the weighted integrals I(m) defined by eq. (3.4) with the weight func-
tions W (El ,m) and the MC lepton energy distribution. Figure 9 shows I(m) at parton
level and that after all the cuts are applied. I(m) at parton level has only the signal contri-
bution, which is thus an ideal one, whereas I(m) after all the cuts includes both signal and
background contributions. The zero of I(m) at parton level indicates that the input value
of the Higgs boson mass mH = 125GeV is reconstructed correctly using the ideal lepton
distribution. On the other hand, the zero of I(m) after the cuts is shifted from mH due to
the effects of the backgrounds and cuts, as in the VBF analysis.
Let us investigate the mMCH dependence of I(m) which is related to the sensitivity of
mass reconstruction when a fitting of I(m) is performed. I(m) corresponding to various
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Figure 8. Lepton energy distribution of MC events after all cuts are applied for a Higgs boson
mass of 125GeV in the ee mode of the ggF channel. The signal and WW background events are
piled up.
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Figure 9. Weighted integral I(m) with MC lepton energy distribution at parton level (the solid
line) and that after all cuts are applied (the dashed line) for a Higgs boson mass of 125GeV in the
ee mode. We use the weight function given in eq. (3.1) with n = 4.
input mMCH are shown in figure 10(a). One can see that the lines for I(m) are so close to each
other especially for small Higgs boson masses that one cannot distinguish mMCH = 115GeV
and 125GeV even in an enlarged view. In order to see the reason for this closeness, we
show in figure 10(b) the lepton energy distribution including WW background after all the
cuts are applied, for various mMCH . The shape of the lepton energy distribution is almost
determined by the background. Consequently, it is only weakly sensitive to the value of
mMCH , especially for small m
MC
H . For m
MC
H < 115GeV, I(m) scarcely changes because the
signal events give almost no contribution to the lepton energy distribution compared to
backgrounds. This means that there is hardly any sensitivity to the Higgs boson mass
below 115GeV, although this region is already excluded by the LEP experiments.
The accuracy of the Higgs boson mass determination is estimated in the same way as
in the VBF analysis. Table 8 lists estimates of the statistical errors, ∆stat.mH , defined by
eq. (3.9). (See comments on table 2 for detailed definitions of the values in table 8. ) The
upper and lower rows list the upper and lower bounds of the errors, respectively. We cannot
evaluate the lower bounds of the errors, reflecting the closeness of I(m) with different mMCH .
Despite much higher statistics of the ggF events compared to the VBF case, the statistical
errors for the ggF process do not get better, due to its background domination. We note
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Figure 10. Weighted integral I(m) (a) and lepton energy distribution (b) with MC events after
cuts for various input Higgs masses in the ee mode. For (a), we use the weight function given in
eq. (3.1) with n = 4. For (b), the signal and WW background events are piled up.
ee eµ µµ Combined
+39 +28 − +23
− − − −
Table 8. The estimated statistical errors (GeV), ∆stat.mH , for the Higgs mass reconstruction with
an integrated luminosity of 40 fb−1. The weight function given in eq. (3.1) with n = 4 is used. The
upper and lower rows list the upper and lower bounds of errors, respectively. ‘−’ denotes that we
cannot evaluate the error.
that, since we use the leading-order cross section, these estimates may be conservative.
We expect that this background domination should cause the same problem for any other
methods for the determination of the Higgs boson mass using the same process.
On the other hand, systematic uncertainties for the ggF process are well suppressed
compared to statistical errors. We estimate the uncertainties of mH from the jet energy
scale as 2%, from the factorization scale for the signal events as 5%, and from the WW
background normalization as below 1% by the same method as in the VBF analysis.
4 Conclusions
Accurate measurements to reveal properties of the Higgs boson and other possible new
particles are essential to understanding physics behind them. In order to overcome diffi-
culties associated with hadron collider experiments, we have introduced theoretically new
quantities, characteristic weight functions. We have found an infinite number of weight
functions with the following characteristics. For a many-body decay, X → l + anything,
where X is a scalar or unpolarized particle and l is lepton e or µ, the integral of the lepton
energy distribution weighted by such a weight function is zero, irrespective of the veloc-
ity distribution of X. Using these weight functions, we have proposed a new method to
measure various physical parameters even for processes with missing momenta in the final
state. We call it the weight function method. This method requires only the lepton energy
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distribution obtained by an experiment, and ideally we do not need to know the velocity
distribution of the parent particle, that is, this method does not suffer from uncertainties
in the production process of the parent particle. In real experiments, however, there are
many factors we should take into account, such as event selection cuts and backgrounds,
and the method becomes more involved.
We have applied the weight function method to a reconstruction of the Higgs boson
mass in the H → WW → lνlν decay process at the LHC. We have performed a Monte
Carlo simulation analysis including cuts and main background effects, assuming the true
Higgs mass to be mH = 125GeV. In vector-boson fusion production (the VBF channel), we
have estimated the statistical accuracy of the mass determination with the weight function
method to be +12% and −14% at √s = 14TeV corresponding to an integrated luminosity
of 100 fb−1. We have found that systematic errors are suppressed, compared to the sta-
tistical errors. We note that these results may be conservative estimates since the cross
sections would be underestimated in this analysis. We have found that the accuracy of
mass determination depends strongly on mH and it improves to 10% for mH = 130GeV
and reaches 2% formH = 150GeV [13]. It has been shown that the weight function method
is sensitive to the cuts concerning leptons, whereas it is stable against cuts concerning jets.
Especially, the lepton pT trigger, which strongly deforms the low energy part of the lepton
distribution, worsen the sensitivity to mH . We can reduce this effect by using di-lepton trig-
gers instead of single lepton triggers. In gluon-gluon fusion production (the ggF channel),
we have analyzed H + 0-jet channel at
√
s = 8TeV. We have found that even though the
statistics of the ggF events are much larger than the VBF case, it is difficult to determine
the mass accurately in the ggF case due to its background domination. Also in this channel,
systematic errors are found to be suppressed compared to the statistical errors.
To summarize, by using the weight function method, ideally, we can avoid two major
sources of uncertainties in an accurate measurement to uncover properties of a particle in
hadron collider experiments, namely, uncertainties associated with jets in the final states
and uncertainties in the velocity distribution of the particle. In real experiments these
ideal features are affected by cuts and acceptance corrections and by contributions from
background events. We find (in the case of a Higgs mass reconstruction) that the major
effects of the former stem from lepton pT cuts. Thus, we expect that these effects can be
predicted accurately using MC simulations. On the other hand, the latter effects need to
be understood accurately experimentally, for instance, with a side-band method.
For today’s realistic value of the Higgs boson mass, it is challenging to perform an
accurate measurement of mH via the VBF and H → WW → lνlν channel. Due to small
statistics, the statistical error will dominate over the systematic one, so that the advantage
of the weight function method cannot be utilized in an optimal way. In particular, a part
of the whole signal events are effectively not used in our method, due to a projection by the
weight function (the part dependent on the velocity of the Higgs boson do not contribute).
Hence, this method is disadvantageous in terms of the statistical error, although there is
some room for adjustment using the degree of freedom of the weight function. A naive
estimate indicates that fitting the whole lepton energy spectrum for a reconstruction of the
Higgs boson mass can give a few tens % better statistical error. Thus, the present status
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of our study stays to be somewhat demonstrative of how the method works in principle
(which is seen clearly in the case study for mH = 150GeV [13]). We also note that our
result serves as a reference point, since up to now there are only few studies on the Higgs
mass reconstruction using this channel for mH ≈ 125GeV.
We expect that the weight function method has wide applications. Above all, a mass
reconstruction of the top quark will be an attractive work. In addition, applications to
particles appearing in models beyond the Standard Model, such as scalars in an extended
Higgs sector, can be interesting. We mention that the Higgs mass reconstruction using
H → ττ decay mode may also be possible although it would be challenging to avoid effects
by lepton pT cuts.
A Lepton energy distribution with a constraint Mll < M
In this appendix we give a derivation of (3.14), the lepton energy distribution for the
H →W+W− → l+νl−ν process with the requirement for the invariant mass of the leptons
Mll < M imposed.
The amplitude for this process is given by
M = g
3MW
8
[ uνγα(1− γ5)vl+ ]
1
p2
W+
−M2W + iMWΓW
(
gαβ − p
α
W+p
β
W−
M2W
)
gβδ
× [ ul−γλ(1− γ5)vν ]
1
p2
W−
−M2W + iMWΓW
(
gλδ − p
λ
W−p
δ
W−
M2W
)
, (A.1)
at tree level. Neglecting the masses of the leptons, one obtains
Σ |M|2 = g6M2W
1(
p2
W+
−M2W
)2
+M2WΓ
2
W
1(
p2
W−
−M2W
)2
+M2WΓ
2
W
4 (pl+ · pν)(pν · pl−) ,
(A.2)
where Σ denotes the sum over final spins. Imposing Mll < M , the decay rate becomes
dΓMll<M =
4g6M2W
2p0H
∫∫
∞
0
dµ2
2pi
dµ2
2pi
1
(µ2 −M2W )2 +M2WΓ2W
1
(µ2 −M2W )2 +M2WΓ2W
× (pl+ · pν)(pν · pl−)
× dΦ2(H →W+W−)dΦ2(W+ → l+ν)dΦ2(W− → l−ν)
× θ(M −Mll) , (A.3)
where dΦ2 is the phase space for the two-body decay:
dΦ2(X → Y Z) ≡ (2pi)4δ4(pY + pZ − pX) d
3
pY
(2pi)32p0Y
d3pZ
(2pi)32p0Z
(A.4)
µ2 ≡ p2W+ , µ2 ≡ p2W− . (A.5)
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We carry out the integrations for the phase space. After integrating over pν , pν and
pW+:
(pl+ · pν)(pν · pl−) dΦ2(H →W+W−) dΦ2(W+ → l+ν) dΦ2(W− → l−ν)
=
1
(2pi)6
{pl+ · (pW− − pl−)} (pν · pl−)
× δ((pH − pW−)2 − µ2) θ(p0H − p0W−) d3pW−2p0
W−
× δ((pH − pW− − pl+)2) θ(p0H − p0W− − p0l+) d3pl+2p0
l+
× δ((pW− − pl−)2) θ(p0W− − p0l−) d3pl−2p0
l−
,
(A.6)
we perform the remaining integrations in the following order:
pl− → pW− → pl+ → µ2 → µ2 (A.7)
First, we integrate over pl− in the rest frame of W
−. The condition Mll < M implies
cos θ˜ > 1− M
2
2E˜l+E˜l−
≡ z , (A.8)
where a variable with a tilde denotes a quantity defined in the rest frame of W−, and θ˜ is
the polar angle between the directions of l+ and l−. Hence, the integral region of cos θ˜ is
given by {
− 1 < cos θ˜ < 1 for El+ < (M2 + µ2)/2mH
z < cos θ˜ < 1 for El+ > (M
2 + µ2)/2mH .
(A.9)
One finds the integral over θ˜ and φ˜
I(x) ≡ 1
2pi
∫
1
x
d cos θ˜
∫
2pi
0
dφ˜ {pl+ · (pW− − pl−)} (pν · pl−)
= E˜l+E˜ν E˜l−
[
(µ− E˜l−)(1 − x) +
{
E˜l− − (µ− E˜l−) cos θ˜ν
} 1− x2
2
− E˜l− cos θ˜ν
1− x3
3
]
,
(A.10)
where x = −1 or z and θ˜ν is the polar angle between the directions of l+ and ν, and the
integral over E˜l− becomes∫
δ
(
(pW− − pl−)2
)
θ
(
p0W− − p0l−
) E˜l−
2
dE˜l− =
1
8
. (A.11)
The integrations over pW− and pl+ are carried out in the rest frame of the Higgs boson
and in the rest frame of W+, respectively. The former integral over the solid angle just
gives
∫
dΩ = 4pi. The latter gives
δ
(
(pW+ − pl+)2
)
θ
(
p0W+ − p0l+
) d3pl+
2p0
l+
=
pi
2 |pW−|
dEl+ θ (Elmin < El+ < Elmax ) (A.12)
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with
Elmaxmin ≡
1
2
(EW+ ± |pW+| ) . (A.13)
Next, we integrate over µ2:
J(x) ≡
∫
∞
0
dµ2
1
(µ2 −M2W )2 +M2WΓ2W
I(x) θ(EW+) θ(Elmin < El+ < Elmax )
=
∫ µ2max
0
dµ2
1
(µ2 −M2W )2 +M2WΓ2W
I(x)
=
i
2MWΓW
[
A+(x) log (µ
2
max −M2W + iMWΓW )−A+(x) log (−M2W + iMWΓW )
−A−(x) log (µ2max −M2W − iMWΓW ) +A−(x) log (−M2W − iMWΓW )
]
.
Here, µ2max and A±(x) are defined by
µ2max ≡ m2H + µ2 −
mH(4E
2
l+ + µ
2)
2El+
, (A.14)
and
A±(x) ≡ −
[
µ2
8
(
1− x2
2
+
1− x3
3
)
− 1
16
(
2mHEl+ − µ2
)(
1− x− 1− x
3
3
)]
(−M2W ± iMWΓW )
+
1
16
(2mHEl+ − µ2)(m2H − 2mHEl+)
(
1− x− 1− x
3
3
)
. (A.15)
As a result, we complete the integrations of the phase space except over µ2, and obtain
the expression (3.14).
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